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ABSTRACT: For the analysis of phase-separation behavior of compressible polymer blends and block
copolymer melts, an equation-of-state (EOS) model is combined with the compressible random-phase
approximation (RPA) formalism. The EOS model to be employed is obtained from extending an off-lattice
model, recently given for interpreting compression response of pure polymers to pressure by Cho and
Sanchez (CS), to polymer blends. The free energy for the CS model consists of an ideal free energy of
Gaussian chains and a nonideal free energy that represents the excluded volume effects and the attractive
interactions in given blend systems. This nonideal free energy yields the RPA interaction fields, with
which monomer-monomer correlation functions for polymer blends or block copolymers are calculated
to determine the condition of phase separation. It is shown that the theory can predict not only macrophase
separation in some polymer blends but also microphase separation in the corresponding block copolymer
melts. Especially, microphase separation upon heating, recently observed in several diblock copolymer
melts, is shown to be driven by finite compressibility in given copolymer systems. The stability of diblock
copolymer melts exhibiting microphase separation upon heating is also discussed in relation to the
symmetry of phase diagrams.

I. Introduction

Incompatible or partially compatible polymer mix-
tures including polymer blends and block copolymer
melts show phase-separation behavior. To understand
such behavior is of great importance in the material
design viewpoint because morphology developed after
phase separation is to a substantial extent responsible
for the physical and the mechanical properties of
polymeric materials. Polymer blends show the mac-
rophase-separation behavior when they phase separate,
which implies that phase separation occurs on a global
scale. Meanwhile, block copolymers of two incompatible
polymers exhibit a different type of phase separation.
Their melts phase separate only on a microscopic scale
owing to the connectivity of constituent polymers. The
segregated domains have the size of the gyration radius
of chains. This phenomenon is called the microphase-
separation behavior of block copolymer melts. While
macrophase separation in polymer blends can be ana-
lyzed with the conventional bulk thermodynamics, the
microphase-separation behavior of block copolymer
melts is no longer probed with such methods. A rela-
tively simple theoretical tool for the analysis of both the
macrophase- and microphase-separation behavior is the
random-phase approximation (RPA) introduced to poly-
mer fields by de Gennes.1,2

The investigation of phase-separation behavior of
polymeric systems is often carried out by using radiation
scattering experiments such as small-angle light or
neutron scattering. From those scattering experiments,
the pair correlations between different monomers, which
are also called the liquid structures, are extracted to
measure the condition of phase separation. The RPA
method provides an approximate scheme to calculate
the pair correlations. Since de Gennes first applied RPA

to polymer blends,1,2 this method has been used to
calculate pair correlations for diblock3,4 or multiblock
copolymers,5 the blends of homopolymers and block
copolymers,6-11 and copolymers with more complicated
molecular geometry.5,12 For the calculations just men-
tioned, the incompressibility constraint has been im-
posed, and the incompressible Flory-Huggins (FH)
theory13 has been employed for intersegmental interac-
tions.

The phenomena of macrophase separation in nonpolar
polymer blends are observed in two ways: polymer
blends may phase separate either upon cooling or upon
heating. The former case is also called the upper critical
solution temperature (UCST) behavior. The latter case
is referred to the lower critical solution temperature
(LCST) behavior. The UCST behavior is driven by the
unfavorable intersegmental interactions in blend sys-
tems. This behavior is well described by the incompress-
ible FH theory.13 The LCST behavior is, however, known
to be driven by finite compressibility in blend systems
so that the incompressible FH theory fails to describe
it. This finding lead to the development of various
statistical mechanical equation-of-state models.14-25

Most of microphase-separating block copolymer melts
had been known to have only the upper critical ordering
temperature (UCOT) behavior, which is analogous to
the UCST of polymer blends. Block copolymer melts
undergo a transition from a disordered state to a
microphase-separated state upon cooling. The driving
force for this behavior is again the unfavorable inter-
segmental interactions. As was mentioned before, this
behavior is successfully described with the incompress-
ible RPA along with the incompressible FH theory.
However, the recent experimental works on the diblock
copolymer melts of polystyrene (PS) and lower alkyl
polymethacrylates presented by Russell et al.26-28 found
rather the limited phase behavior of block copolymers
to be as balanced as that of polymer blends. These block
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copolymer systems studied by Russell et al. showed
microphase separation upon heating, which is desig-
nated as the lower critical ordering temperature (LCOT)
behavior.

The existence of LCOT along with LCST suggests that
finite compressibility is responsible for both macrophase
and microphase separation at elevated temperatures.
This notion has been reflected by the efforts to introduce
finite compressibility into RPA by several research
groups. Freed and co-workers employed various free
volume approaches to study compressibility effects on
the correlation functions and other related properties
of polymer blends and diblock copolymer melts,29-32 and
later combined the lattice cluster theory22,23 with
RPA.33-35 The concept of lattice vacancy19,20 was adopted
in the RPA formulations by Yeung et al. to analyze the
LCOT behavior of diblock copolymer melts,36 and by
Bidkar and Sanchez to interpret compressibility effects
on various scattering properties including interaction
parameters of polymer blends.37 The perturbed hard
sphere chain model24,25 was used by Hino and Prausnitz
in an approach similar to that of Yeung et al. to study
the phase equilibria of binary polymer blends and
diblock copolymer melts.38

Meanwhile, Akcasu and co-workers39,40 suggested a
general framework for compressible RPA, based on the
linear response theory, that can be readily connected
to any specific equation-of-state model for compressible
mixtures. The pair correlation functions are described
in terms of the pair correlation functions of a reference
system and effective interaction fields. The system of
noninteracting Gaussian chains is commonly chosen for
the reference system because the characteristics of such
chains with arbitrary molecular architectures can be
treated analytically. It is then through these effective
RPA fields that an equation-of-state model for com-
pressible mixtures plays a role in compressible RPA.

The objective of this study is to derive a model-specific
compressible RPA. We employ an analytical off-lattice
model recently introduced by Cho and Sanchez.41 The
model by Cho and Sanchez (CS model hereafter) can be
found from the literature only for pure nonpolar poly-
mers. The CS model is, therefore, to be extended to
nonpolar polymer blends. The CS model is based on
perturbation theory: the free energy of a chain system
is divided into a reference free energy of hard chains
and an attractive perturbation energy. The reference
free energy of hard chains is subdivided into an ideal
free energy of Gaussian chains with no volume exclusion
and an excess free energy of hard chains with finite
volume exclusion. The former is derived from the direct
evaluation of the partition function, whereas the latter
is obtained from the integration of the hard chain
equation of state from the Baxter-Chiew theory.42-46

The attractive perturbation energy is obtained from
considering locally packed dense polymeric liquids with
the random mixing approximation employed to describe
the concentration correlations between monomers. The
excess free energy of hard chains and the perturbation
energy comprise the nonideal free energy of the system.
This nonideal free energy is then to yield the effective
RPA fields. The derivation of the RPA fields to be
presented here is very systematic so that the methodol-
ogy can be adopted by others with their own choices of
models for describing finite compressibility.

In this article, we will mainly focus on the formulation
of the effective RPA interaction fields from the CS model

with some calculations of the phase diagrams for
selected polymer blends and diblock copolymer melts at
atmospheric pressure. However, our continuing efforts
on this compressible RPA study will be headed toward
investigations into pressure effects on the phase bound-
aries of macrophase- or microphase-segregating systems
and the superposition of phase boundary shifts caused
by applied pressures. This future plan explains why the
CS model is chosen in this study to derive the effective
RPA fields. The CS model was developed to aim for
pressure effects on the volumetric properties of poly-
mers, especially to interpret the empirically observed
temperature-pressure superposition47-49 in the com-
pression response of pure polymers or homogeneous
polymer solutions to pressure.

II. CS Model for Polymer Blends
In this section, we will present the CS model in detail.

The CS model was previously given in the literature for
pure polymeric liquids.41 Its extension to polymer blends
is, however, straightforward.

The system of interest is a m-component mixture of
Ni chains of ni-mers (i ) 1, 2, ..., m) in a fixed volume
V. The total number of chains in the system is denoted
as N ()∑Ni). We simplify an ni-mer as a linear chain of
interacting tangent spheres with ni sites or monomers
spherically interacting with others. The bond potential
between the centers of connected spheres is assumed
to be infinitely strong, which implies that all the bond
lengths are fixed. No restriction in bond angle is
imposed. Each monomer is impenetrable; the excluded
volume effects are described by the hard sphere poten-
tial. All these simplifications then render our model
chain an interacting tangent hard sphere chain.

The partition function QN of the system can be given
by

where the symbol Ii indicates the indistinguishability
of an i-chain (symmetry number). For homopolymers,
Ii should be 2, implying the complete reversion of chains.
The symbol Λi means the thermal de Broigle wavelength
of monomers on i-chains. In eq 1, ZN is the configura-
tional partition function of the system

where VN is the total potential energy of the system and
â ) 1/kT has its usual meaning. The parentheses in the
dummy variable {rbγi} describes the set of 3ni coordinates
for ni monomers on each i-chain.

The total potential VN is the sum of the intermolecular
potential UN and the intramolecular potential Uin. On
the simplification of the model chain, the intramolecular
potential Uin has only the nonbonded monomer-
monomer interaction and the bond potential Uin

bond that
holds chains with fixed bond lengths. The total potential
upon the pairwise additivity assumption can then be
written as

QN )
ZN

∏Ni!Ii
Ni Λi

3niNi
(1)

ZN ) ∫e-âVN∏
i

∏
γi)1

Ni

d{rbγi
} (2)

VN ) UN + Uin ≈ ∑
nonbonded

uij(rb) + Uin
bond (3a)
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where uij(r) is a given intermer potential between two
nonbonded monomers either on the same chain or on
two different chains from i and j-species, separated by
the distance r. On the basis of the perturbation theory,
the intermer potential uij(r) is then separated into a
reference potential uij

(0)(r) and a proper perturbed po-
tential uij

(1)(r). The system of tangent hard sphere
chains is defined as the reference system, which implies
that the hard sphere potential is assigned to uij

(0)(r).
The sum of all the hard sphere interactions between
nonbonded monomers and the bond potential describes
the reference total potential VN

(0) for the reference
system. The sum of perturbed pair interactions defines
the perturbed total potential VN

(1).

The reference total potential VN
(0) yields the reference

configurational partition function ZN
(0), which gives the

reference Helmholtz free energy A0.

The direct evaluation of eq 4 even for the simplest
system of hard chains is a formidable task because this
procedure involves the problem of the separation of
intermolecular and intramolecular interactions. How-
ever, the reference free energy A0 can be derived in the
following way as was presented in our previous com-
munication.41 The free energy A0 is separated into two
terms as

where η is the total packing density that implies the
fraction of volume occupied by hard sphere chains. The
first term in eq 5 represents the free energy of the chain
system with zero packing density, which is indeed the
system of noninteracting Gaussian chains.50 The re-
maining term in eq 5 stands for the hard sphere chain
equation of state and is thus simply denoted as A0

EV.
The A0

EV is directly obtainable, if one knows the
reference pressure P0 of the hard chain system

where F is the total number density of the system. For
a reasonably accurate equation for P0 of hard chains,
Baxter’s compressibility pressure42,43 for the system of
adhesive hard sphere mixtures can be used in conjunc-
tion with Chiew’s connectivity constraint to build up
chains.44-46 For simplicity, we only consider that all the
hard spheres (monomers) in our system of interest have
the same diameter σ. The reference pressure P0 in case
of the identical diameter σ for all the hard spheres can
be found elsewhere as

where n is the representative chain size of the mixture
as follows

with the volume fraction φi of i-chains defined as

Putting eq 7 into eq 6 yields

where nN ()∑niNi) is the total number of monomers in
the system.

The free energy A0(η f 0) of Gaussian chains can
easily be obtained from the direct manipulation of eq 4
at zero packing density. The reference total potential
VN

(0)(η f 0) at zero packing density has only the bond
potential Uin

bond to construct the chains with the fixed
bond length σ

where the vector rbγiγi

(j,j+1) connects the centers of two
adjacent tangent spheres and uj,j+1

bond denotes the formal
notation for the bond potential between them. Equation
11 is indeed the explicit expression of Uin

bond. The
independence of the Gaussian chains in treating eq 11
yields

where rbγi

(1) indicates the position of the first monomer
on an i-chain and rbγiγi

(1l) implies a vector from the first
monomer heading for the l-th on the same chain. The
collection of these vectors describes the spatial position
of an i-chain. The system volume V that Gaussian
chains can visit comes out of each integral in eq 12. The
free energy A0 (η f 0) can then be written as

where zi implies the conformational partition function
of such Gaussian i-chains as

VN ) VN
(0) + VN

(1) ) [ ∑
nonbonded

uij
(0)(rb) + Uin

bond] +

∑
nonbonded

uij
(1)(rb) (3b)

-âA0 ) ln
ZN

(0)

∏Ni!Ii
Ni Λi

3niNi

)

ln[ 1

∏Ni!Ii
Ni Λi

3niNi
∫e-âVN

(0)

∏
i

∏
γi)1

Ni

d{rbγi
}] (4)

A0 ) A0(η f 0) + [A0 - A0(η f 0)] (5)

âA0
EV

N
)

â[A0 - A0(η f 0)]
N

) ∫0

η[âP0

F
- 1]dη

η
(6)

âP0

nF
) [ 1

1 - η
+ 3η

(1 - η)2
+ 3η2

(1 - η)3] - (1 - 1
n)1 + η/2

(1 - η)2

(7)

n ) 1

∑
φi

ni

(8)

φi )
niNi

∑niNi

(9)

âA0
EV

nN
) 3

2[ 1
(1 - η)2

- (1 - 1
n) 1

1 - η] - 1
n[ln(1 - η) + 3

2]
(10)

VN
(0)(η f 0) ) Uin

bond ) ∑
i)1

m

∑
γi)1

Ni

∑
j)1

ni

uj,j+1
bond(rbγiγi

(j,j+1)) (11)

∫e-âVN
(0)(ηf0)∏

i)1

m

∏
γi)1

Ni

d{rbγi
} )

∏
i)1

m

∏
γi)1

Ni ∫e-â ∑
j)1

uj,j+1
bond(rbγiγi

(j,j+1)) drbγi

(1)∏
l)2

ni

drbγiγi

(1,l) (12)

-âA0(η f 0) ) ln ∏VNizi
Ni

∏Ni!Ii
Ni Λi

3niNi
(13)
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The zi can be left as an unspecified constant that does
not affect any following thermodynamic calculations.
Equation 13 can be rewritten by using the definition of
η ()∑niNiπσ3/6V) and φi as

where the transcendental number e appears from
Stirling’s approximation of Ni! in eq 13.

Combining eqs 10 and 15 yields the reference free
energy of the hard chain mixture as

The ensemble average, 〈VN
(1)〉0, of the perturbed total

potential VN
(1) is given as the sum of all possible per-

turbed interactions between nonbonded monomers

where Fi ) Ni/V is the number density of i-chains. The
function gij,0(r) is the average intermolecular distribu-
tion function between monomers on i and j-chains,
which counts the adjacent monomers that are not on
the same chain. Another function ωi,0

nb(r) is the average
intramolecular distribution function between nonbonded
monomers on an i-chain, which counts the adjacent
nonbonded monomers on-the same chain. The subscript
0 in eq 17 denotes the reference system of hard chains.
We should notice that the averaging procedure is
performed with the distribution functions for the refer-
ence system.

To obtain a tractable and compact expression for
〈VN

(1)〉0, we employ a few approximations. The mean
field random mixing approximation is applied to the
concentration correlations. This approximation excludes
any preferred pairs of monomers. The contact prob-
ability between nonbonded monomers is estimated from
the bulk concentrations. If an arbitrary monomer is
selected and the number of its nonbonded nearest
neighbors is hz, then the number of its nonbonded
nearest neighbors from j-chains becomes φjhz in this
mean field estimation.

The local packing of nonbonded nearest-neighbor
monomers in dense polymeric liquids is taken into
consideration for the monomer density correlations as
was given in our previous work on pure polymers.41 An
arbitrarily chosen monomer and its nearest neighbors,
which are densely packed, are considered as a building
unit of the whole system. It is further assumed that the
perturbed pair interactions in this minimal volume unit
act on a central monomer at the most probable distance
re on average. The random mixing approximation and
the local packing approximation together lend the

mathematical representation of the whole procedure in
measuring the total i, j-pair interaction energy as

In eq 18, we focus on the contribution to the perturba-
tion energy from the nearest neighbors only, which is
of our primary concern. Putting eq 18 into eq 17 yields
〈VN

(1)〉0 as

This local packing approximation is an improvement
over the widely used van der Waals approximation in
calculating the perturbation energy. The van der Waals
approximation focuses on one selected monomer. All the
other nonbonded monomers form an average molecular
field that acts on the chosen monomer. The average field
in the van der Waals approximation, therefore, results
in a uniform background energy. In the local packing
approximation, the selected monomer and its nonbonded
nearest neighbors are tagged together. All the other
monomers outside this minimal volume unit form an
average molecular field that affects the local ordering
considered here.

One needs to specify a perturbed intermer potential
uij

(1)(r) in order to estimate pair interactions in real
polymeric systems. The following Mie potential is
employed here as uij

(1)(r) as

where uij
(1)(r) acts only at r > σ. The σ is the hard core

diameter of monomers as defined previously. The εij is
the potential depth of the interaction between two
monomers on i and j-species. We take the exponent p )
12 and the prefactor fp ) 4, which lend the Lennard-
Jones (L-J) potential as one case of the more general
Mie potential in eq 20. Other potentials than the L-J
potential will not be used in this study. However, the
choice of p and fp may vary from those chosen. The L-J
potential is not an exclusive choice for nonpolar poly-
mers.41

The intermer potential uij
(1)(r) in eq 20 is then in-

serted into eq 19:

The distance parameter re in eq 21 is assumed to be
related to the average volume v per monomer as

where γ is a proper geometric constant. We adopt γ )
1/x2 from the face-centered-cubic lattice. The hz is
assumed to be constant in dense polymeric liquids. All
the volume dependence of the perturbation energy is
then concentrated on eq 22. Using the definition of the
packing density η, the average perturbed potential
〈VN

(1)〉0 can finally be written as

zi ) ∫e-â ∑
j)1

uj,j+1
bond(rbγiγi

(j,j+1)) ∏
l)2

ni

drbγiγi

(1,l) (14)

âA0(η f 0)
nN

) ∑
φi

ni
ln

6ηφiIiΛi
3ni

πniσ
3zie

(15)

âA0

nN
) ∑

φi

ni
ln

6ηφiIiΛi
3ni

πniσ
3zie

+

3
2[ 1

(1 - η)2
- (1 - 1

n) 1
1 - η] - 1

n[ln(1 - η) + 3
2] (16)

〈VN
(1)〉0 )
V

2
∑
i,j

(niFi)∫uij
(1)(r)[njFjgij,0(r) + δijωi,0

nb(r)]4πr2 dr (17)

∫uij
(1)(r)[njFjgij,0(r) + ωi,0

nb(r)δij]4πr2 dr ≈ φjhzuij
(1)(re)

(18)

〈VN
(1)〉0 )

V

2
∑
i,j

niFiφjhzuij
(1)(re) )

nN

2
∑
i,j

φiφjhzuij
(1)(re) (19)

uij
(1)(r) ) fpεij[(σr)p

- (σr)6] (20)

〈VN
(1)〉0 )

nN

2
∑
i,j

φiφjhzfpεij[(σ

re
)p

- (σ

re
)6] (21)

v ≡ V
nN

≈ γre
3 (22)

Macromolecules, Vol. 33, No. 6, 2000 Phase Separation in Polymers 2231



where hz has been merged into εjij by defining it as εjij ≡
hzεij. The specific value of hz is, therefore, not important
in any of the following calculations. The symbol C is
merely π/6.

The conventional first-order perturbation approxima-
tion to the Helmholtz free energy A yields the Gibbs-
Bogoliubov upper limit of the free energy as51

where εj is simply the average interaction parameter for
mixtures defined as

In eq 25, kTøij is related to the frequently used exchange
energy ∆εjij given as

The Gibbs free energy G is then given by the Legendre
transformation of the Helmholtz energy A in eq 24 with
respect to the system volume V.

To apply eq 24 to polymer blends, one needs various
molecular parameters such as εjii, ni, and σ for constitu-
ent homopolymers and εjij for cross-interaction between
dissimilar species. Pure polymer parameters (εjii, ni, and
σ) are obtained from fitting the compression data of
individual polymers to the following equation of state
coming from eq 24

where v* ()πσ3/6) is the hard core volume of one
monomer. Any regression routine can be employed for
the data reduction procedure. We assumed the identical
σ for any monomeric unit in order to simplify the
mixture model.52 Therefore, the regression analysis is
performed only to determine εjii and ni for homopolymers
used in this work with σ preset to a reasonable value.
The σ does not always correspond to the chemical
repeating unit of a given polymer, but indicates the size
of properly renormalized theoretical monomers. The
cross-interaction parameter εjij is the true parameter for
mixtures. It is widely used to estimate εjij as the
geometric mean (εjii εjjj)1/2 of self-interaction parameters
εjii’s.53 However, the geometric mean rule does not

always work in fitting various mixture behavior. This
deviation is corrected by adopting εjij ) ê(εjii εjjj)1/2 with
an adjustable parameter ê.

The free energies for the CS model enable us to
determine the stability condition of a given blend
system. A stable (Ni, P, T) ensemble of a binary blend
system satisfies the following inequality

where u(η) is simply a function of packing density η
defined as [(γ/C)p/3ηp/3 - (γ/C)2η2]. It should be noted that
u(η) is negative in the useful η range. The ∂P/∂φ1 implies
the concentration coefficient of the system pressure and
the âT (≡-∂ ln V/∂P)T) is the isothermal compressibility
of the system. These two properties are easily obtained
from the proper differentiation of eq 27. The system
becomes unstable when the inequality in eq 28 is
reversed. The boundary between stability and instability
conditions defines the spinodals (∂2(G/nN)/∂φ1

2 ) 0).
The principle merit of the CS model is that the model

offers a theoretical interpretation of the empirically
observed temperature-pressure (T-P) superposition in
compression behavior.47-49 The empirical T-P super-
position principle states that compression isotherms are
superposed into a universal function of a dimensionless
pressure, â0P or P/B0, where â0 and B0 are âT and the
bulk modulus B ()1/âT) at atmospheric pressure, re-
spectively. In an alternative statement, the shape of the
free energy, which is described by the pressure deriva-
tives of B at atmospheric pressure, is temperature
insensitive. It was shown in our previous communica-
tion that the packing energy, especially its potential
exponents in eq 23, is primarily responsible for this
behavior.41 It is then of our interest to seek an analogous
statement of T-P superposition in the shifts of spin-
odals caused by applied pressures in LCST or LCOT
systems, where compressibility is the driving force of
phase separation.54 It is a conjecture at the current
stage that â0 or B0 again plays an important role in
superposing spinodals at various applied pressures. This
conjecture will be investigated in our future work by
using the compressible RPA developed in the next
section in conjunction with the CS model.

III. Compressible RPA and Interaction Fields
The CS model previously presented will now be

connected to Akcasu’s compressible RPA formalism.39,40

As was mentioned before, the monomer pair correlation
functions are described by the pair correlation functions
of the Gaussian chain system and model-specific RPA
interaction fields. The interaction fields will be formu-
lated from the CS model by taking the following steps.

To probe a polymer blend microscopically, one needs
to consider the local packing density field ηj(rb) of
monomers on j-chains. The system experiences the
thermal fluctuation in the packing density as

where njNjv*/V is the bulk average of the packing
density of j-chains. Instead of considering every possible
concentration fluctuation field δηj(rb), we will only focus

〈VN
(1)〉0

nN
)

1

2
fp∑

ij

φiφjεjij[(γ/C)p/3ηp/3 - (γ/C)2η2] (23)

âA
nN

)
âA0(η f 0)

nN
+

âA0
EV

nN
+

â〈VN
(1)〉0

nN

) ∑
φi

ni
ln

6ηφiIiΛi
3ni

πniσ
3zie

+

3
2[ 1

(1 - η)2
- (1 - 1

n) 1
1 - η] - 1

n[ln(1 - η) + 3
2] +

1
2
fpâεj[(γ/C)p/3ηp/3 - (γ/C)2η2] (24)

εj ) ∑
ij

φiφjεjij ) ∑
i

φiεjii -
1

2
kT∑

i,j

φiφjøij (25)

kTøij ≡ 2∆εjij ≡ εjii + εjjj - 2εjij (26)

P ) kT
v*[32 (η2 + η3)

(1 - η)3
+ η

n
(1 + η/2)

(1 - η)2 ] +

fp

2
εj

v*[p3(γ/C)p/3ηp/3+1 - 2(γ/C)2η3] (27)

∂
2(G/nN)

∂φ1
2

) 1
n1φ1

+ 1
n2φ2

-

{-fpøu(η) +
vâT

kT [ ∂P
∂φ1

)
T,V]2} > 0 (28)

δηj(rb) ) ηj(rb) - njNjv*/V (29)
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on its extremum field value, 〈δηj(rb)〉, which is the
ensemble average of δηj(rb). The fluctuation is character-
ized by the monomer pair correlation function Sij(rb)
defined as

A hypothetical external potential Ui(rb) (i ) 1, 2, ..., m)
is assumed to perturb the system to have the mean
fluctuation 〈δηj(rb)〉. For weak Ui’s, the correlation func-
tion Sij(rb) can then be identified as the linear response
function in the following matrix equation

where 〈δηj(rb)〉 and Uh (rb) are the column vectors of the
corresponding elements. Likewise, Sh (rb) denotes the
matrix of Sij(rb)’s. In Fourier form, eq 31 can be rewritten
as

where qb is the scattering vector with |qb| ) q. The Fourier
transformed correlation function Sij(qb) is also called the
static structure factor.

The fundamental step of the compressible RPA is to
calculate the mean fluctuation 〈δηj(qb)〉 in the following
way. We choose an arbitrary reference system that lacks
certain effective pair interactions. The structure factor
matrix Sh (qb) in eq 32 is replaced with Sh0(qb) of the chosen
reference system. The external potential is then cor-
rected to properly take the interaction effect on 〈δηj(qb)〉
into account by the matrix Wh as

where an element Wij of the matrix Wh describes the
effective interaction between two nonbonded monomers
from i and j-species. Therefore, Wh is called the matrix
of interaction fields.

Rearranging eq 33 yields

Comparing eq 34 with the original expression in eq 32
for 〈δηj(qb)〉 shows us that

The best known reference system of noninteracting
Gaussian chains is chosen to calculate Sh0(qb). The matrix
Wh needs a theoretical model that has the Gaussian
chain system as a limiting case, which is indeed so for
the CS model. In the derivation of the CS model, the
free energy A is divided into the A0(η f 0) of Gaussian
chains, A0

EV, and 〈VN
(1)〉0. We redefine A0(η f 0) as the

reference free energy for the compressible RPA. The
remaining terms, A0

EV and 〈VN
(1)〉0, form a nonideal free

energy, denoted as Ani, which will eventually give
information on Wh later in this section.

To obtain a model-specific Wh , we consider the rela-
tionship between the structure factor Sij(0) at zero q and
the free energy. For a (µi, V, T) ensemble of a polymer
blend, where µi is the chemical potential of i-chains, Sij-
(0) describes the global fluctuations in the number of
chains in this ensemble.

where Nh i is the bulk average of the number of i-chains
and δNi ) Ni - Nh i. Using the thermodynamics relations,
the matrix inversion of eq 36 gives

where the definition of µi is used in the last equality.
Equation 37 can be suitably rewritten by using the
packing density as

where ṽ is the reduced volume and also the inverse of
the total packing density η. The âA/nNṽ in eq 38 is the
dimensionless free energy per monomer diluted by free
volume in the system.

At the spinodal points for the (µi, V, T) ensemble,
which is suitable for the scattering experiments, the
following determinant (Det) vanishes:

Therefore, Det[Sh (0)]-1 ) 0 or Det[Sh (0)] f ∞ can equiva-
lently define the spinodal equation. This condition can
be said in scattering experiments that at each spinodal
point the scattering power upon radiation diverges at
zero scattering angle.

It is easily seen that the inverse Gaussian structure
factor at zero q can be obtained from the Gaussian free
energy in eq 15, being inserted into eq 38.

Equation 35 then implies that the second-order deriva-
tives of the intensive nonideal free energy âAni/nNṽ yield
the interaction fields Wij’s at zero q.

As Ani is the sum of A0
EV in eq 10 and 〈VN

(1)〉0 in eq 23,
each gives the following contribution to Wij

and

Sij(0) )
ninjv*2

V
〈δNiδNj〉 )

ninjv*2

V
∂Nh i
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)
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∂ηi∂ηj
)

V,T,η’s

1
v*
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∂
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1
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δij
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Sij(rb - rb′) ) 〈δηi(rb) δηj(rb′)〉 (30)

〈δηj(rb)〉 ) -â∫Sh (rb - rb′) Uh (rb′) drb′ (31)

〈δηj(qb)〉 ) -âSh (qb) Uh (qb) (32)

〈δηj(qb)〉 ) -âSh 0(qb){Uh (qb) + Wh 〈δηj(qb)〉} (33)

〈δηj(qb)〉 ) -{[âSh 0(qb)]-1 + Wh }-1Uh (qb) (34)

[âSh (qb)]-1 ) [âSh 0(qb)]-1 + Wh (35)
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where Lij and εij
app are introduced for notational con-

venience. The Wij can now be written as

The minus sign in front of εij
app(η) in eq 41c is inten-

tionally included, which is, however, a matter of defini-
tion.

We have derived the Gaussian structure factors and
the RPA interaction fields at zero q from the CS model.
The generalization of these functions at an arbitrary q
is as follows. The inverse Gaussian structure factor
Sij

0(qb)-1 at q can be given as1

where δij is the Kronecker delta. The g(xi) is the Debye
function of an ideal i-chain defined as

where the xi is the square of the reduced scattering
vector given as

with RG,i denoting the radius of gyration of an ideal
i-chain.

The interaction matrix Wh at an arbitrary q can be
approximated to Wh at zero q given in eq 41. There are
some reasons to take this notion. The CS model adopts
the mean field approximation in describing the concen-
tration correlations. In addition, the characteristic
length associated with the monomer density correlations
is small and has the order of magnitude of 1 - 10 Å.37

Therefore, in the region of q, where 1/q far exceeds this
characteristic length, Wh can be considered constant. The
constancy of Wh holds in the small-angle light or neutron
scattering, where 1/q > 100 Å.

There are some features of the structure factors from
our compressible RPA that are not seen in the conven-
tional incompressible RPA. In the case of a binary blend
of A and B homopolymers, eqs 35, 41, and 42 yield

where the subscript 1 indicates A. As can be seen in eq
45, there are the three independent structure factors
in the compressible RPA. The first structure factor S11
is given from inverting eq 45 as

Other two structure factors can be obtained in the same
way. The structure factors from the compressible RPA
are dependent on every εij

app (or εjij) and Lij. Similar
results have also been shown by Freed and co-work-
ers.29,31,33

The formal limit of S11 at η ) 1 (i.e., no free volume
or formal incompressible limit) can be derived from eq
46, even though the total packing density η cannot
exceed C/γ ()0.74) in the CS model.41 For simplification,
let all the chain lengths be large (n1 ) n2 f ∞, so Lij )
L for all i and j). As η approaches 1, L diverges. A careful
manipulation of eq 46 then yields

where all the εij
app’s in eq 47 are evaluated at η ) 1.

Equation 47 is formally identical with that from de
Gennes’ incompressible RPA.1,2 One can easily see that
S11 in eq 47 is the only independent structure factor
when η ) 1 because S11 ) S22 ) -S12. In addition, S11

is dependent not on the individual εij
app’s, but on the

exchange energy ()εii
app + εjj

app - 2εij
app).

IV. Compressible RPA for Block Copolymers
Our compressible RPA model for polymer blends can

easily be extended to block copolymer melts. All that is
required is to replace the correlation function Sij

0(qb) of
Gaussian blends at an arbitrary scattering vector q with
that of Gaussian block copolymer melts. For an A-B
diblock copolymer melt as the simplest case, the Sij

0(qb)
can be written as3

where the subscript 1 indicates A and φ1 is the fraction
of A monomers on an A-B diblock copolymer chain. The
connectivity of A and B blocks is taken into account in
S12

0 (qb) in eq 48. The function g(φ1, x) is the modified
Debye function defined as

The variable x equals q2RG
2 as before, where RG is the

gyration radius of a diblock copolymer chain. For other
copolymers with arbitrary chain architectures, eq 48 has
to be suitably modified. The interaction fields Wh derived
for blends can also be used for diblock copolymer melts
because A-B diblock copolymer melts are viewed as

∂
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locally equivalent to the corresponding blends of A and
B homopolymers.

Some significant differences between the compressible
RPA and the incompressible RPA for block copolymer
melts can be seen in the static structure factors.
Equation 45 can be modified for diblock copolymers as

where D ()S11
0 S22

0 - S12
0 2) is the determinant of the

Gaussian structure factor matrix. In the compressible
RPA, the three structure factors in eq 50 are indepen-
dent. The first structure factor S11 is then obtained from
inverting eq 50 as

The S11 is again dependent on every εij
app and Lij as in

the case of polymer blends. We can now formally derive
the incompressible limit of S11 in eq 51 at η ) 1. Let Lij
equal L for all i and j for simplification, which is the
case when the chain lengths of A and B blocks are either
the same or large enough. Equation 51 can then be
manipulated to yield

where all the εij
app’s in eq 52 are evaluated at η ) 1 as

before. Equation 52 is formally the same as S11 from
Leibler’s incompressible RPA.3 The exchange energy is
again involved in the calculation of S11. The other two
structure factors at η ) 1 are dependent on S11 because
S11 ) S22 ) -S12. The incompressible S11 in eq 52
vanishes at zero q. This result is caused by vanishing
D at zero q, which is further attributed to the fact that
Sij

0 ∝ φiφj at zero q.
The compressible RPA yields a strikingly different

result about S11. It can be shown that eq 51 has its zero
q value as

The structure factor S11(0) does not vanish because of
the density fluctuations, as Freed and co-workers have
shown in their compressible RPA analysis.29,31 The other
two structure factors, which can be obtained from

putting appropriate Gaussian structure factors into the
numerator in eq 53, do not vanish at zero q either.

V. Compressible RPA Calculations of Spinodals

The compressible RPA is applied to the calculations
of the correlation functions and the spinodals of some
selected phase-segregating systems. We first choose a
well-known LCST system, the blend of deuterated
polystyrene (PS) and poly(vinyl methyl ether) (PVME).
The three molecular parameters, εjii, ni, and σ, for each
homopolymer are tabulated in Table 1. The parameters
for PS are obtained from fitting volume data of hydro-
genated PS reported by Quach and Simha41,55 to eq 27.
All the three parameters for PS are taken adjustable
in performing regression analysis. This procedure re-
sults in σPS ) 4.039 Å as the optimized monomer
diameter for PS. The parameters for PVME are obtained
from fitting volume data given by Rodgers56 to eq 27
with only taking εjii and ni as adjustable. The σ for
PVME is set to 3.900 Å, which is close to that for PS,
prior to parameter estimation. The discrepancy in
monomer diameters is resolved in all the following
calculations for this blend system by employing the
average monomer diameter, σ ) (σi + σj)/2, for both
polymers. The cross-interaction parameter εjij, or alter-
natively ê, is usually estimated from fitting experimen-
tal critical points. The neutron scattering experiments
performed on the same blend system by Han et al. show
that the blend exhibits the LCST of 425.15 K at φPS

c )
0.19 when the molecular weights (MW’s) of deuterated
PS and PVME are 230 000 and 390 000, respectively.57

The spinodals and LCST are evaluated from eq 28 for
different values of ê to be compared with the experi-
ments. This procedure yields ê ) 1.002 64, which then
gives ∆εj/k ) -3.318; the cross-association is energeti-
cally favored. With this ê, the theory predicts the LCST
of 425.07 K at φPS

c ) 0.19, which is practically identical
to the experimental value. The small difference in
monomer diameters in this case helps the present
theory to correctly predict φPS

c .
The correlation functions are now calculated by using

eq 35 with the interaction matrix Wh in eq 41. We plot
S11(qb)/v* in Figure 1a, where the subscript 1 denotes
PS, as a function of scattering vector q at φPS ) 0.19
and at indicated temperatures. The MW’s of PS and
PVME in Figure 1 are set to 230 000 and 390 000,
respectively, which are the same as those used in the
experiments by Han et al. It is typical that S11(qb) has
Ornstein-Zernike-type q dependence in small q limit
and 1/q2 decay in large q limit.2 Figure 1a reflects such

Table 1. Various Molecular Parameters for
Homopolymers Used in This Study

polymer σ (Å) εj/k (K)
nπσ3/6Ma

(cm3/g)
average errorb

(cm3/g)

PSc 4.039 4107.0 0.418 57 0.000 69
PVMEd 3.900 3644.8 0.429 06 0.002 44
PBDe 4.040 4065.9 0.493 95 0.001 58
PCON 3.996 4000.0 0.410 00
PIMA 3.996 3800.0 0.420 00
a This combined parameter represents the close-packed specific

volume of a given polymer with the molecular weight M. To obtain
the chain size n, M should be given. b The accuracy of the
theoretical equation of state in correlating the volume data of given
homopolymers can be enhanced by taking σ as one of the molecular
parameters to be fitted.41 c Volume data of hydrogenated PS41,55

are equated to those of deuterated PS to a good approximation.37,60

d Volume data from ref 56. e Reference 62.
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asymptotic behavior of S11(qb). As seen in this figure,
S11(qb) gradually grows when temperature is increased.
One observes the divergence of S11(qb) at zero q and at
T ) 425.07 K. At the same temperature, Det[Sh ] in
Figure 1b also diverges at zero q, which indicates the
macrophase separation in the PS/PVME blend. It is
notable that Det[Sh] vanishes in the incompressible RPA.
The temperature of diverging S11(qb) or Det[Sh ] at zero q
is the spinodal temperature at the given φPS. The
compressible RPA model predicts macrophase separa-
tion upon heating.

The spinodals determined from the method described
in Figure 1 for a (µi, V, T) ensemble were recently proved
to be equivalent to those from eq 28 for a (Ni, P, T)

ensemble.37,58 This theorem can then be used to verify
the correctness of the derived interaction matrix Wh in
eq 41. The calculated spinodals of the PS/PVME blend
are shown in Figure 2 in the whole range of φPS. The
exact coincidence of the spinodal lines from the two
methods is clearly demonstrated in this figure. This
result confirms that the interaction field matrix Wh is
correct.

For comparison purposes, the experimental spinodals
given by Han et al. are also shown in Figure 2. Even
though the calculated spinodal curve is narrower than
that from the experiments,59 the asymmetric phase
diagram in the PS/PVME blend is correctly predicted.
The skewness of the phase diagram for this blend is the
well-known evidence of phase separation driven by
compressibility difference between PS and PVME.60 The
chain sizes of PS and PVME in Figure 2 are nPS ) 4634
and nPVME ) 8945, respectively. As the chain sizes of
both homopolymers are large enough, compressibility
difference mostly determines the critical composition φc;
the system becomes rich in a more compressible com-
ponent at φc. Therefore, φPS

c < 0.5 because PVME is
more compressible than PS.

We now turn our attention to the phase behavior of
diblock copolymer melts. The system to investigate is
the diblock copolymer melt of deuterated PS and PVME,
denoted as P(S-b-VME). This system revealed a strong
evidence of microphase separation upon heating, yet to
be confirmed though, inferred from the recent neutron
scattering experiments performed by Hashimoto et al.61

The calculated S11(qb)/v* for the P(S-b-VME) melt, where
the subscript 1 denotes PS again, is shown in Figure
3a at indicated temperatures. All the molecular param-
eters for each block and ê for cross-interaction are the
same as those used for the corresponding blend. The
MW of P(S-b-VME) is 100 000 0 overall. The volume
fraction φPS of the PS block is set to 0.293. The shape of
S11(qb) in Figure 3a is characteristic of diblock copoly-

Figure 1. S11(qb)/v* (a, top) and Det[Sh (qb)]/v*2 (b, bottom)
plotted as a function of the squared dimensionless scattering
vector [qRG,1]2 for the PS(1)/PVME(2) blend at φPS ) 0.19 and
at the indicated temperatures. The RG,1 indicates the gyration
radius of PS chains. The MW’s of PS and PVME are 230 000
and 390 000, respectively. The adjustable parameter ê for εjij
is set to 1.002 64. The divergence of S11(qb) and Det[Sh (qb)] at
zero q is caused by heating, which implies the LCST behavior
of this system.

Figure 2. Spinodals for the PS/PVME blend in Figure 1
obtained from the compressible RPA for a (µi, V, T) ensemble
and from the conventional bulk thermodynamics for a (Ni, P,
T) ensemble. The complete coincidence of the spinodals from
the two methods is clearly seen. The experimental spinodals
(open circles) for the same system measured by Han et al. are
also shown for comparison purposes.
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mers. The S11(qb) possesses the correlation hole peak23

with a maximum at qmax
2 RG

2 ∼ 4. After passing through
a maximum, S11(qb) decays like l/q2. However, S11(qb) from
the compressible RPA is distinctly different from its
incompressible counterpart: S11(qb) at zero q does not
vanish owing to the density fluctuations in the system.
The maximum of S11(qb) progressively increases as
temperature is elevated. One observes the divergence
of this maximum at T ) 438.8 K, which is the spinodal
temperature of the P(S-b-VME) melt at the given
composition. Spinodals can be extracted from the di-
vergence of Det[Sh ] as shown in Figure 3b. The Det[Sh ]
also possesses a maximum at the same qmax eventually
to diverge when approaching spinodal temperatures.

This situation corresponds to the diverging scattering
intensity upon radiation at this qmax, whose inverse
gives direct information on the size of microphase-
separated domains. Figure 3 then demonstrates that the
compressible RPA theory can also predict the suggested
microphase separation upon heating in the P(S-b-VME)
melt.

Figure 4 shows the spinodals of the P(S-b-VME) melts
with the MW’s of 100 000 0 and 400 000 in the given
region of styrene volume fraction. It is seen in this figure
that the P(S-b-VME) melt exhibits LCOT behavior with
the lower bound of spinodal temperatures being 438.8
K at φPS ) 0.293 for the former and 488.2 K at φPS )
0.381 for the latter. The phase diagram for the P(S-b-
VME) melt is asymmetric in the same manner as for
the PS/PVME blend. Similar results have also been
shown by Hino and Prausnitz.38 It can then be said that
compressibility difference is again the driving force of
the microphase separation in the P(S-b-VME) melt.

In the experiments done by Hashimoto et al.,61 the
MW of P(S-b-VME) was 23 000 with that of PS block
being 9000 (φPS ) 0.361). The scattering intensity from
the copolymer, though increased with temperature, did
not show a divergence up to 480 K. This result is
consistent with our theoretical calculations shown in
Figure 4. Because the copolymer with MW ) 400 000
is stable up to 488.2 K, the spinodal temperature for
the copolymer used in the experiments is predicted to
be far beyond 480 K.

The compressible RPA theory can also be used to
analyze macrophase or microphase separation upon
cooling observed in many systems such as the PS/
polybutadiene (PBD) blend and the diblock copolymer
of PS and PBD, denoted as P(S-b-BD). We present the
predicted phase behavior of the systems just mentioned
as illustrations. The εjii and ni for PBD are obtained from
fitting volume data given by Barlow62 to eq 27 while
fixing σ to 4.040 Å. All the parameters for PBD are
tabulated in Table 1. The parameter ê for the cross-
interaction in the PS/PBD blend is determined by fitting
the UCST from the experimental binodals measured by

Figure 3. S11(qb)/v* (a, top) and Det[Sh (qb)]/v*2 (b, bottom)
plotted as a function of the squared dimensionless scattering
vector [qRG]2 for the P(S-b-VME) melt with MW ) 100 000 0
at φPS ) 0.293 and at the indicated temperatures. The
subscript 1 in S11(qb) denotes PS as in Figure 1. The ê is the
same as that employed in Figures 1 and 2. The divergence of
S11(qb) and Det[Sh (qb)] at [qRG]2 ∼ 4 is induced by heating, which
indicates the LCOT behavior of this system.

Figure 4. Calculated spinodal lines for the P(S-b-VME) melt
as a function of φPS. The thick line represents the copolymer
with MW ) 100 000 0 and the dotted line that with MW )
400 000. The asymmetric phase diagrams leaning to the
PVME-rich side are seen in both cases.
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Roe and Zin.63 Comparing the theory with the experi-
ments on this blend with the MW’s of 3500 and 2660
for PS and PBD, respectively, yields ê ) 0.995 65, which
then gives ∆εj/k ) 17.828. Phase separation is driven
by this unfavorable energetics. The binodals from the
experiments and from the theory are all collected in
Figure 5, where the theoretical ones are evaluated from
numerically finding coexisting two phases with the
identical chemical potentials. As seen in this figure, the
agreement between the experiments and the theory is
good. By using the same sets of homopolymer param-
eters and ê, the theoretical spinodals are calculated for
the corresponding P(S-b-BD) melt from the divergence
of the correlation functions at certain qmax.

Figure 6 shows such spinodals for the P(S-b-BD) melt
with MW ) 28 000 overall. It is seen from this figure
that the calculated spinodal temperature for the P(S-
b-BD) melt with the MW of PS block being 7600 (φPS )
0.240) is 495.0 K, which is higher by 76 K than
measured from the X-ray scattering experiments per-
formed by Roe and Zin on the same system.64,65 To fit
the scattering experiments on this block copolymer melt,
ê has to be increased to ∼0.996 45, which reduces ∆εj/k
to 14.558. This discrepancy in the cross-interaction
parameters for this oligomeric PS/PBD blend and the
P(S-b-BD) melt is also seen in the incompressible RPA
analysis presented by Han and co-workers for the same
systems.66 The overestimated spinodal temperature for
this copolymer from our compressible RPA is indeed
close to that from the incompressible RPA.66 Hino and
Prausnitz in their compressible RPA analysis on the
same systems have also shown results similar to ours.38

VI. Stability of Diblock Copolymer Melts with
LCOT

It is well-known from Leibler’s work on the incom-
pressible RPA that a diblock copolymer melt exhibiting
UCOT behavior is more stable than the corresponding
symmetric UCST blend.3,67 The chain size of a diblock
copolymer melt needs to be increased to 5.248 times that

of each homopolymer in the corresponding symmetric
blend in order to have the coincident stability limits or
upper bounds of spinodals. Leibler’s stability statement
is useful in designing diblock copolymers with a con-
trolled miscibility window from the knowledge of the
corresponding blends. Leibler’s statement from the
incompressible RPA can also be regained from our
compressible RPA with the CS model. The following
calculations of phase diagrams on the PS/PBD system
demonstrate this point. The MW’s of PS and PBD in
their blend are set to 3258 and 2758, respectively. This
system is symmetric because the corresponding chain
sizes of PS and PBD are nPS ) 65.6 and nPBD ) 65.5,
respectively. These ni’s control the skewness of phase
diagrams in UCST blends. The parameter ê for the
cross-interaction is again fixed to 0.995 65, which yields
the UCST of 488.2 K at φPS

c ) 0.502. The P(S-b-BD)
melt at φPS ) 0.5 is then designed to have nPS + nPBD )
344 or MW ) 15 785 overall, which is 5.248 times the
sizes of the corresponding homopolymers. The calculated
phase diagrams for the blend and the diblock copolymer
melt are shown in Figure 7. It is seen in this figure that
the two upper bounds of spinodals coincide within
∆T ) 1 K and ∆φPS ) 0.02. It can be said that Leibler’s
stability statement is attainable in this UCOT system
from our compressible RPA theory. This result implies
that the compressible RPA prediction of phase diagrams
for UCOT systems at low pressures is little different
from the incompressible situation, because compress-
ibility plays a minor role in phase separation upon
cooling.

It is of our interest to investigate the applicability of
such a stability statement to LCOT systems by using
our compressible RPA. Regarding Leibler’s stability
statement, Yeung et al. suggested that a similar stabil-
ity condition holds for LCOT systems.36 We perform
theoretical calculations of phase diagrams again on the
PS/PVME system. To make the blend symmetric in their
sizes, the MW’s of PS and PVME are set to 266 200 and

Figure 5. Comparison of theoretical and experimental bi-
nodals for the PS/PBD blend plotted against φPS. The MW’s of
PS and PBD are 3500 and 2660, respectively. The experimen-
tal binodals, measured by Zin and Roe, suggest that the system
exhibits the UCST of ∼495 K. The ê is determined to be
0.995 65 from fitting the estimated UCST.

Figure 6. The calculated spinodal lines for the P(S-b-BD) melt
with MW ) 28 000 as a function of φPS. The thick line
represents the predicted spinodals with ê ) 0.995 65, which
is obtained for the PS/PBD blend in Figure 5. However, the
experimental spinodal point (open circle) for the same copoly-
mer at φPS ) 0.240, measured by Roe and Zin, is better
described by the prediction with ê ) 0.996 45, which is
indicated by the dotted line.
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233 800, respectively, which then correspond to nPS )
5364 and nPVME ) 5362, respectively. The P(S-b-VME)
melt is designed to have nPS + nPVME ) 28 145 or
MW ) 131 200 0 overall, which is 5.248 times the sizes
of homopolymers in the symmetric blend. Figure 8
shows the spinodals for the PS/PVME blend and the
P(S-b-VME) melt. It is observed in this figure that
Leibler’s statement works only qualitatively; the two
lower bounds of spinodals differ from each other by
∆T ∼ 8 K and ∆φPS ∼ 0.08. We note that there is strong
asymmetry in the phase diagram for this LCOT system,
whereas there is always symmetry in those for UCOT
systems. This observation suggests that symmetry in

phase diagrams is deeply related to Leibler’s stability
statement. We will, therefore, attempt to show the
validity of this statement in the case of a LCOT system
with a symmetric phase diagram.

The following calculation is performed on a hypotheti-
cal LCOT system, denoted as the PCON/PIMA system,
that has a symmetric phase diagram when it is phase-
separated. The monomer size σ of both PCON and PIMA
is set to 3.996 Å. All the molecular parameters for the
homopolymers are shown in Table 1. The parameter ê
for εjij is set to 1.0004 to place the critical temperature
at a suitable position. The MW’s of the two polymers in
the blend are 200 000 for both. The chain sizes are close
to each other: nPCON ) 4074 and nPIMA ) 4174. This
conceptual blend exhibits the LCST of 361.2 K at
φPCON

c ) 0.464, which is practically the symmetric case.
It should be kept in mind that all the homopolymer
parameters are involved in having proper compress-
ibility difference to set φPCON

c to a certain value. It does
not suffice to specify only ni’s for setting φc in LCST
blends. We now create the hypothetical diblock copoly-
mer of PCON and PIMA, denoted as P(CON-b-IMA),
with the MW of 104 960 0 overall, which is again 5.248
times the MW’s of the homopolymers in the correspond-
ing blend. The phase diagrams for the blend and the
diblock copolymer melt are shown in Figure 9. It is seen
that the two lower bounds of spinodals are coincident
within ∆T ) 1 K and ∆φPCON ) 0.02. This figure
suggests that Leibler’s statement for the stability of
diblock copolymer melts works for the LCOT systems
with symmetric phase diagrams.

It has been shown that the applicability of Leiblers
stability statement to LCOT systems is limited in a
quantitative sense. This statement requires the condi-
tion that a given LCOT system possesses a symmetric
phase diagram. Nevertheless, Leibler’s statement serves
as a useful guide in estimating the phase stability of a

Figure 7. Theoretical spinodal lines for the symmetric PS/
PBD blend (nPS ) 65.6 and nPBD ) 65.5) and the P(S-b-BD)
melt as a function of φPS with ê ) 0.995 65. The chain size of
P(S-b-BD) is set to 5.248 times that of either PS or PBD in
the blend. The coincidence of the two upper bounds of spinodals
is observed, which indicates Leibler’s stability condition of
diblock copolymer melts exhibiting UCOT behavior.

Figure 8. Theoretical spinodal lines for the symmetric PS/
PVME blend (nPS ) 5364 and nPVME ) 5362) and the P(S-b-
VME) melt as a function of φPS with ê ) 1.002 64. The chain
size of P(S-b-VME) is set to 5.248 times that of either PS or
PVME in the blend. It is seen that the two lower bounds of
spinodals differ from each other by ∆T ∼ 8 K and ∆φ ∼ 0.08.

Figure 9. Theoretical spinodal lines for the hypothetical
PCON/PIMA blend and the corresponding P(CON-b-IMA) melt
as a function of φPCON with ê ) 1.0004. Both PCON and PIMA
are of MW ) 200 000 with similar chain sizes (nPCON ) 4074
and nPIMA ) 4174). The MW of the diblock copolymer is set to
5.248 times those of homopolymers in the blend. The two lower
bounds of spinodals are coincident. It should be noted that the
phase diagrams for these hypothetical systems are near
symmetric.
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given diblock copolymer melt from that of the corre-
sponding homopolymer blend.

VII. Concluding Remarks

A compressible RPA formalism in connection with an
off-lattice equation-of-state model, recently introduced
by Cho and Sanchez (denoted as the CS model), is
presented here to provide a theoretical tool for analyzing
macrophase and microphase separation in compressible
polymer blends and block copolymer melts.

The CS model, which was given in the literature only
for pure polymers, is extended to a polymer blend
system. On the simplification of a polymer chain as
interacting tangent hard spheres, interacting with oth-
ers via the Lennard-Jones (L-J) potential, the free
energy for the CS model is divided into a reference free
energy of the hard chain blend and a perturbation
energy of all L-J interaction pairs. The reference free
energy is obtained as the sum of two terms. One is an
ideal free energy of the blend of Gaussian chains at zero
packing density, which is formulated from the direct
evaluation of the partition function. The other is an
excess free energy of the hard chain blend at a finite
packing density, which is given by the integration of the
Baxter-Chiew equation of state for such system. An
analytical perturbation energy is formulated from con-
sidering the local packing of nearest neighbors in dense
polymeric liquids with the random mixing approxima-
tion for the concentration correlations between non-
bonded monomers. The excess free energy of the hard
chain system and the perturbation energy together
define the nonideal free energy of the system.

On the basis of a general argument by Akcasu et al.
on the compressible RPA, the monomer pair correlation
functions of a given system are described by those of
the Gaussian chain system and effective RPA interac-
tion fields. The interaction fields for the compressible
RPA are formulated from the second-order derivatives
of the nonideal free energy for the CS model with respect
to the packing densities of constituent homopolymers
in the system. The interaction fields are applicable to
analyzing not only the phase behavior of polymer blends
but also that of the corresponding block copolymer
melts.

The compressible RPA presented here approaches in
a formal sense the incompressible RPA when no void
space is left in the system volume. For binary polymer
blends, the classical result of pair correlation functions
obtained by de Gennes is reached. For diblock copolymer
melts, the pair correlation functions are identical to
those obtained by Leibler.

The compressible RPA gives the three independent
correlation functions in the case of binary polymer
blends or diblock copolymer melts, whereas only one
correlation function is independent in the incompress-
ible RPA. The correlation functions in the compressible
case are dependent not only on all the self-interaction
(εjii) and cross-interaction (εjij) parameters but also on
free volume, whereas only the exchange energy is
involved in calculating the correlation functions in the
incompressible situation.

The vanishing pair correlation functions at zero q is
known to be characteristic of the incompressible RPA
for block copolymer melts. It is shown that this property
no longer holds in the compressible RPA theory: there
is some residual value of correlation functions even at
zero q due to the density fluctuations.

At the spinodals of phase-segregating polymer blends
or block copolymer melts, the correlation functions Sij’s
or the determinant Det[Sh ] from them diverges. The
difference between these two types of inhomogeneous
systems is the position of q at which the divergence of
Sij or Det[Sh ] happens. Such singularity is observed at
zero q for macrophase-separating polymer blends. Mi-
crophase-separating block copolymer melts experience
this singularity at a certain q that carries information
on the microphase-separated domain sizes.

The compressible RPA is applied to the well-known
LCST system of the PS/PVME blend. The present theory
predicts the system to exhibit a LCST at a PVME-rich
composition, which is identical to that measured from
the neutron scattering experiments by Han et al. The
spinodals for the corresponding P(S-b-VME) melt are
then determined to exhibit LCOT behavior, which
supports the recent neutron scattering experiments on
this copolymer by Hashimoto et al. These results
demonstrate that the compressible RPA formulated here
proves successful in exhibiting both macrophase- and
microphase-separation behavior upon heating, which is
unattainable from the incompressible RPA. The mac-
rophase separation driven by finite compressibility in
the PS/PVME blend is typified by the skewness of phase
diagrams toward the system rich in the more compress-
ible PVME. The phase diagram for the P(S-b-VME) melt
also leans to the PVME-rich side, which indicates that
the same driving force of phase separation, i.e., com-
pressibility, acts on the copolymer.

The present RPA theory is also applied to the PS/PBD
blend and the P(S-b-BD) melt, which exhibit mac-
rophase or microphase separation upon cooling. The
phase behavior of these systems predicted by the
present theory is shown to be similar to that by the
conventional incompressible RPA theory, compared with
the experiments performed on the same systems.

In addition, we discuss the stability of a diblock
copolymer melt exhibiting LCOT behavior in compari-
son with the corresponding blend. The well-known
result of the stability of diblock copolymer melts is
observed in a LCOT system: diblock copolymers are
5.248 times larger in their sizes than the corresponding
symmetric polymer blends in order to have the coinci-
dent stability limits. A sufficient condition for this
statement seems that a LCOT system possesses a
symmetric phase diagram by having proper compress-
ibility difference between two constituent homopoly-
mers.

The compressible RPA theory with the CS model for
describing finite compressibility is analytical and trac-
table. The theory can be applied to studies on the phase
behavior of various types of polymer mixtures, such as
multiblock copolymers, graft or star copolymers, and the
blends of homopolymers and block copolymers, etc. The
theory may provide a guide to our fundamental query
of temperature-pressure superposition in the spinodals
of macrophase- or microphase-separating systems via
the effective RPA interaction fields formulated from the
CS model. This conjecture will lead us to continue our
study on the compressible RPA.
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